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Asymptotic stability analysis and error
estimate for a class of shallow water
wave equation *
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(School of Mathematics and Statistical,Guizhou University of Finance and Econmics, Guiyang 550025,China)

Abstract: In this paper, the asymptotic stability and numerical method of
shallow water wave equation with Benjamin-Bona-Mahony type is considered.
Under suitable assumption, we prove that the solution of the shallow water
wave equation is asymptotically convergent to the steady-state solution of the
equation, and some exponentially decay rate are obtained. In addition, we al-
so construct a numerical scheme of the equation, we prove that the scheme is
unconditionally stable, and we also get the estimate of the full discrete scheme.
Finally, some results of the theoretical analysis are verified by numerical exper-
iments
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81 Introduction

Since Benjamin et al.[1] proposed the Benjamini-Bona-Mahony (BBM) mod-
el in 1972, the research of this kind of model has been a hot topic. The latest
research shows that this kind of model can be used to describe the wave propa-
gation process from deep water to shallow water. The theoretical and numerical
research of this kind of model has attracted the interest of researchers.

Medeiros et al.[2] studied the existence and uniqueness of solutions to BBM
equation. Amick et al. [3] investigated the long-term behavior of the solution of
BBM equation, they used energy estimation, maximum principle, and Cole-Hopf
transformation to get the decay rate result of the solution:

1 _3 _1
[uCs Oll2@ = O™ %), [[0eu D)llL2@ = O 2), [[ul )l e@ = O 2).

Biler [4] considered the generalized two-dimensional BBM equation and obtained
some estimates of the decay rate:

lull = = O™ %), [ull L= = Ot F).

Mei[5] used Fourier transform method and point-by-point method of Green’s
function to obtain the decay rate estimates for the BBM equation. Chen et
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al.[6] studied the two-dimensional small amplitude water wave model and ob-
tained some estimation results of the attenuation rate of some solutions. Zhang
[7], Guo et al.[8] obtained the decay rate of BBM equation solution in high-
dimensional space by using low-frequency Fourier method and high-frequency
energy method. In the recent research, Kundu et al. [9] obtained the asymptotic
attenuation estimation results of BBM equation with homogeneous boundary
and the error estimation of some numerical solutions. Numerical aspects: Om-
rani et al. [10, 11] given a second-order numerical scheme for solving BBM
equation. The time direction was discretized by Crank-Nicol scheme, and the
space direction was discretized by standard finite element method, and the cor-
responding error estimate was obtained. Dogan [13] used finite element method
to solve a class of regular long wave equations, for very small amplitude waves,
the algorithm has good accuracy for small amplitude waves. Qin [14] given a
numerical scheme for solving BBM equations by using fully discrete mixed finite
element method.

In this paper, we will study the asymptotic convergence property and nu-
merical scheme of a class of shallow water wave models, First, we assume that
the steady-state equation has a minimum eigenvalue, and by using the energy
estimation method, we prove that the solution of BBM shallow-water wave e-
quation converges gradually to the solution of the steady-state equation, and
we also get the exponential decay rate estimates under different norms. We also
study the numerical format of the equation, i.e. time is discretized by Crank
- Nicol Son method, space is discretized by Fourier-Galerkin method, the con-
vergence order of the scheme isO(At? + N1=™) here At is the time discrete
step size, IV is polynomial order, m is the smoothness of the solution. Finally,
we give some numerical examples to verify the correctness of the theoretical
analysis.

The structure of this paper is as follows: In the second section, the asymp-
totic stability analysis of the equation will be given. The third section will
discuss the time semi-discrete format. The fourth section will analyze the error
estimation of the fully discrete format. Finally, we will give some numerical
results.

82 Asymptotic stability analysis

We consider the following dissipative BBM shallow water wave equation:
dyu + Opu — 020,u + ud,u — v2u = f(x,t), t € (0,00),7 € R, (1)
satisfy the following initial conditions:
u(z,0) =up(x), =€ R, (2)
and boundary conditions:
u(z,t) = u(x + L,t), t€ (0,00),x € R, (3)

Here v is a non-negative constant, 829,uis the dispersion term, §2uis the dissi-
pative term. , f(z,t) A is a given function.
Here we study the asymptotic properties of the solution of the equation(1)-
(3) when t — co. Suppose tlim u(z,t) = u®, here u®is the steady state solution
— 00
of the equation, then
0pu™ + u>®0,u> — vd*u™ = f*, r € R, (4)
u™(x) =u>(x+ L), z € R, (5)
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wheref*(z) = tli}m f(z,t).
Consider the weak form of the steady state equation (4)-(5)
(0,u>,v) + (u®0,u>,v) + v(,u>, 0,v) = (f°,v), Yo € H}. (6)

Now we consider the following assumptions:
(A1) Eigenvalue problem

026+ 0,u*¢ —v0;0 = \p,  ¢(x) = p(z + L), (7)

Has the smallest positive eigenvaluelg > 0. observeV¢ € H? N H!, then

L
| oweatdn + vl = Aol = Xallol
0

As can be seen from the above equation
2 o, 1 f* 2
0.1} + (u*0,0+ 0,u™6,0) =] 0,0l + 5 | Dru>0da
0

A v v
> 21618 + 510:018 = 5 10:0113.  (8)

Using the above inequalities and assumptions A1, we can obtain the existence
and uniqueness of solutions to the equation (4)-(5).

Poincaréinequality: V¢ € HL(2), then ||¢| < \/%H@wwﬂ, hered; = (2%)2
is the first minimum eigenvalue of homogeneous Dirichlet eigenvalue problem

¥(x) =z + L).
Based on this, we have the following estimation results of steady-state

solutions.
Lemma 2.1 Let u®be the solution of (4)-(5), The following estimate holds:

10zu™ | <C|f*=][-1, 9)
[ <CF= -1, (10)
[z <ClIF*] -1 (11)

Proof: Taking the inner product with u*°, we have
v]|0:u® g = (f,u>) < C|f=[|-1l10:u>|lo.
Then we obtain (9). Using Poincaréinequality, we have

b

u>lg <
ol < —=

102> lo < C[[f* -1

That is
[u[[ 7 < Clullol|dzu™llo < C|If<|12,.

Here, we will give the asymptotic stability results, that is, we will prove
that the difference between the solution of equation (1)-(3) and the solution of
steady state equation (4)-(5) is asymptotically convergent with respect to time
t.
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First, let z = u — u®, then combine with (1)-(3)and (4)-(5), we have

Oz — 6t3§z + O0pz — V@ﬁz +uX0pz +20,u* =F, x€R,t>0, (12)
z(x,0) = ug(x) — u™(x) = 2o, (13)
z(z,t) = z(z + L,t), (14)

hereF' = f — f*°.
The weak form of equation (12)-(14) is: find z € H},¢ > 0 such that:

(042,0) + (0¢0p2, 030) 4 (022, 0xv) + (u®0yz + 20,u>,v) = (F,v), Vve H}.
(15)

In order to obtain the estimation results, we need the following assumptions:
(A2): ug € H2NHI, f>e L2 feL=((0,00),L2), [len P < M,M >
0.

For the original equation (1)-(3), we have the following stability results.
Theorem 2.1: Under the assumption of A2, the solution of equation (1)-(3)
satisfies the following regularity estimation

t
[ullg + 12,ull < lluoll§ + HaxuOH?wLC/O 1 ()11 1ds. (16)

Proof: Taking the inner product with u, we have

Ld

1d, .,
3 + 5%

2.4t 10, ul} + v 10.ul = (fw) < CIFI2, + v0,ul.

Then
d 2 2 2
2 lullo + 110z ullg) < ClFIZ,

That is (16).

Theorem 2.2 Assuming Al and A2 hold, for 0 < a < 4(;\’17’&1),5 € (0,a),a1 =

a — 0, we have
lle®** 213 + 10,e* 2115 < Cll0ll3, v, A1, 6, M). (17)
Proof: Let v = e?*2 in(12), we have

1d
5 77 e 2116 + 1e%0,2116) — a(lle™ 2§ + [le* 0, 2[)
4 V”eataxzng 4 (uooameatz+eatz8$uoo7eat2) — (eatF, eatz).

From (8),Young’s and Poincaréinequality, we have

d
2 (e 25 + lle™* 0, 2[16)—2allle™ 2§ + [|e™*0,2115) + vlle™ 9,23
2

2 v
Sf/\llleatFllollea%llo < T/\llleatFllﬁ + §II€‘“3mZ|I3-

Using Poincaréinequality again

d, . . “ v 1 . 2
g1zl + e 0,208) + (5 — 2a(5 + 1) e*'0,2[3 < - Tl FI;.
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Integrating ¢ on both sides

a 2 ¢ as
et (el + 10,18) < Dol + 10,2008 + o [ e Fe)lds. 19)

multiplying by e =29, noticing a = a; + §, then
M
2 (J12113 + 10,2113) < e (Jlz0ll3 + 10, 70]13) + = (1 — e72%).
V)\lts
Theorem 2.3 Under the assumption of Al and A2, for 0 < a < A e
4()\1+1)
have
10,215 + [[07e** 21l5 < Cllzol3, />Nl -1, v, A1, 0, M) (19)
Proof: Let v = —e?%'922 in equation (12)
Ld \atq2 2 atn2 |12 atn2 2 atn2 |12 atn2 (2
3 g e 0zzllo + [le™0z2[l0) — allle™ dzzllg + lle® 0z21l0) + vlle* Dzll5

=(e"F, —02e"2) 4 (26" 0,2, 0%2) + (uX0e™ 2 + e 20,u>, 0% 2).
For the first term at the right end, it can be obtained from Young’ s inequality:
at 2 at Lo at 2 Y yata2. 2
("' F, ~0262) < e FIR + ¥ le**02z]3.

For the second term at the right end, it can be obtained from Young’ s inequality
and interpolation inequality

1 1
(2602, " 072) < ||2llolle® oz ]| e[l D2 2 ]l0 <Cllzllolle™ Duzlg le* D2 2G [l D22 lo

1%
<CW)lzlolle™ dn21lg + 7 lle™ 022 15-

For the third term at the right end, it can be obtained from Young’ s inequality,
Poincaré inequality and interpolation inequality:

(u®0ye™ 2z + e 20,u>, 0%e2)

o0 1 o0 a v a
< (CW)I[ul7 +CW)3-l10wu 2o )lle™ 022§ + 7 lle™ 02115

1%
< O A -0 e 0u2ll6 + 7 lle* 02215

Then
d
P
2
S;Ile“tFH% + CW)llzllolle® 8z zllg + C (v, A, 1 £ -1)le® B 2l5.-

v
e 0225 + lle*072115) — 2a((le™ a5 + lle*0z2[15) + 5 lle 02215

From Poincaré inequality, we obtain
d v 1
Z(10,e7213 + 02 2118) + (5 = 2a(5= + 1)) e 0221
dt 2 A1
2 a a o0 a
<[ FIF+ Czllle0a213 + Cw A 12 -0)lledazl3. - (20)
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Integrating ¢ on the both sides and multiplying by e~2%¢, that is
[8,e* 213 + (|07 2|5 <e™ 2‘”(IIZolloJr 10, ZoH ’2‘”/ le**F(s)[|3ds
t
+Ce [ Jelflero|ids
0
t
F A )e [ lera,ids
0

M
<e2 (203 + 10,20 13) + —=(1 = e71)

e dat(] 6—2&)0(”20”%7 v, A1,0, M)
+ (1= e 2N (lzol13, v £l -1, A1, 6, M)

We consider the following assumptions (A3): wg € H?> N H!, f> €
L%, fe L>®((0,00),L?), igg\\f( )E < My, Jim [[F(£)]Jo = 0.

Theorem 2.4

Under the assumption that A1l and A3, for a given € > 0, there is a T' >
0, such that for all t > T, ||F(¢)|o < ¢ and the following estimates holds

12115 + 19,2113 + 1922115 < Ce~2=T) + Ce?, (21)

whereC' = C(||z0||3, a, v, || £°]| 1, A1, 6, M7y).
Proof: From (18), we have

(1213 + 10,213) < e (ol + 10,2018) + e / e F(s)]3ds.

From tlim IE(t)|lo = 0, for all € > 0, there is a T > 0, such that ¢ > T, for
— 00

|F(t)]lo < e. So we split the right integral term into two parts, (0,T)HI(T,t),
so we have

(21 + 18,213) < O, 0, A)e ™2 (120113 + 110,203 + M3 ) + Ce2.

For the (20) equation, integrate on both sides and multiple by e =24, there are
10,215 + 19513 <6_2“t(\|20||o+ 110, Zo|| _Q“t/ le®* F(s)|lgds

t
p)e- 20t / 21811 B 21125 + C v, A 1|1 / %0, 2| 2ds.

At the same time
10,2113 + 162213 < Ce2=D)(|j0, 2013 + 0220]13) + C<2.

Then we obtain (21).

83 Stability analysis of numerical schemes

In this section, we will give a time semi-discrete scheme and analyze the
unconditional stability of this time discrete scheme. Given a positive integer M,
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let t, = nAt,n=0,1,..., M, where At = T /M is the time step size, T be the
time.
C-N scheme.
First step n = 0:
ul —u ol - O2ut — 92u’ +1
At * At 3

When n > 1, we have

(2u°0,ut +ulou’) —voPut = 0. (22)

un+1At_ LA 8£un+1At_ Pun e
+ é(231u"+% (Bu” — w1 + w30, (3u™ — u 1)) = 0, (23)
where
uts — ut ot
2

Theorem 3.1 The solution of equation (22)-(23) satisfies the following estima-
tion:

BEw" ™) <E@’), n=01,--- ,M—1, (24)
here
E(u") = [[u™|[g + 10su" 5.
Proof: Taking the inner product with 2Atu’ in (22). Note that
(20, uu® + w9’ ut) = (Oputu® + 0, (u'u®), ul) = (Opulu®, u') — (uOul, dut)

Then

15 = Nlul5 + lut = w15 + 10uI5 — [102u” I§ + |0z’ — Bau® |§ + 2Atw]|0pu |[§ = 0.

Then we obtain the first step of proof. Taking the inner product with 2Atu" T2
n (23), we have

(20, unts ( —u" )+ u”+%8$(3u" - u"_l),u"Jr%)

(8zu"+ (3u™ — u"_l),um'%) + (aw(un—&-%(?)un _ u"_l)),un"_%)

=(Q,u" 2 (3u" — u" ), u ) — (B — w" T )un TR GuntE)
=0.

Then we have
a2 — [ + [|0u™ T2 — [|0pu” (|3 + 2Atal|0,u" T2 |[R = 0

We get proof of the theorem.
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84 Error estimation for full discrete scheme

Here we will study the spatial discretization method of the scheme (22)-
(23), let Sy = span{exp (—ikz) : |[k| < N}, and denote projection 7y : L2(A) —
Sy, that is

(T‘—N’U —an) = 07 V¢ € SN7
and H'projection 7}, : H'(A) — Sy, that is
(0x(Thv —v),0:0) =0, (7yv—1v,0) =0, Vi € Sy.

From [15]we have

lu — wnullo KN |wllm, Yue H™(A), m >0, (25)
lu — mhulle SN*"ullm, Yu € H™(A), m >0,k =0,1. (26)
C-N/F-G. The fully discrete scheme of equation (1) is: find w5 € Sy, such
that:
whenn =0
1

1

At At
1
+ §(2U9V6xu]1\[ +ur0,uly, ) F v(0,ut, 0,0n) =0, n >0,V € Sy. (27)
n>1
1 n+1 n ”JF% 1 n+1 n n+%
E(UN _U’N7wN)+(8:EU'N 7wN)+E(8luN _awuNa61¢N)+V(axuN aawa)
1 nt+i —_ n+3 _
+ 6(26xuN+2 (3ufy —uly ) + uN+28x(3u?V —u N, Yn) =0,n > 1,Yen € Sy
(28)
Denote

ERI = levu('atn) - urjifa g]’({ = u(vtn) - ﬂ-Jqu(';tn)7 er;[ = U(-, tn) - UT;{I = 5117(/' + g]rifa n >0,
and error function R™(z) = r7'(z) + r(z), where

n(x) ::u(xatn+1) - U($7tn)

] A7 — 8,gu(:r7tn+%)7
n O2u(z,tns1) — O2u(x,ty,)
ry(z) = Al — 920u(z, tn+%).
That is
[P TG < eAt, g G < eAtt, [RMF < cAtt. (29)

We have the following stability results.

Theorem 4.1 If {u’;"'}is a solution of the full discrete scheme (27)-(28), then
we have

E(uy™) <B@WY), n=0,1,...,M —1. (30)
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Theorem 4.2 The solution of the full discrete scheme (27)-(28) satisfies the
following error estimate:

lu( tr) —ulslli < c(A2 4+ N'Y™), k=0,1,2,..., M. (31)

Proof: When f =0, from (1) and (28) we have

~n+1

¢ — R ”"'l ~n ~n+3

+ (Wt 1)t 1) — (za u"+2<3u*;v—uN )+u§‘v+28 (Bul —u ), ¥n)

= (R 0x) + (7 = DOty y) o) + 1 (k= D) =l 00)), )

+ ﬁ(( jlv )(6 U( n-l—l) 85“('7tn))’wN)'

Letyny = 2At€nN+%, we obtain
E@E) - E@) (32)
<OALR™ Mol 2 o + 248 (mh — DBzt toy 1)lIolIER Nl

+ 20k = Dl tara) — ult)) ol 2 lo
+2)|(rk — D@ul-, tt) — axu<,tn>>||o||a’é%2||o

1 n n n
2008 fu(e )0uu(-s 1 y) = = (20, (Bue — ul ) + U0 Buf — ui )| 18R o

Notice that

sty 1)l by 1) — <2a a3y — )+ un F0u(3uf — ulyt) = Dy + Dy,

where
2 1 e n+i
Dl g ( ) n+ )8 u( ) n+ ) (3unN —Upn 1)azuN+
2
=2t )00 F ) — 3 Bu( ) = (e b1 ))0u( )
1 1
2 Bul ) — st ) b y) — B0k — 0 s y)
1 1 ne ntl
+§(3u71(,—uN )8 u(-,t ntl 1) — 3(3u7]§,—uN l)amuN+ ,
D, :%u(twr%)a Uty 1) = éu?—iaw(SuN —uy )
1 1
=§u(tn+%)8 u( n+1) 6“('7tn+%)8x(3“('7tn) - U(thfl))

+
=

(et )00 (B, 1) = et 1)) = SN 20 Buls t) — ulsta )

1 n 1 n4t e
a0 Bul ta) — (s b)) — Sun 0L (Bufy —ui).
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From taylor expansion and Young’ s inequality, we derive

1 tnt1
SIDAIE <At )i [ I0Rut olar

tn

— +3
+||3zU(wtn+%)||ZoH36N*6N 16 + 113uy — w131 0ae " * 115,

2 4 [|0nen 2 2).

1 tnt
SID2l <AC Jul by pIE [ 10,07l 1) s

n

<c(At* + ||3eR — et

+3 +3
+||3z(3U(wtn)—U(- )2 llen 213+ lluy 2 121102 (3eRr — e I
n n+i
<c(At" + 10, (3ely — ex DI + lley *115)
Using Cauchy-Schwarz inequality

E@) — E@") <AHIR™[§ + At (my — 1)gu(-, 1,4 2)[1§ + 248313

tnt1
+/t (w5 = D)eu(-, 1) |[5dt + At|lex™ 3,

n

tn+1
4 [ = Dasot, 0l + Ao, I
t

20

+ eAUAE + (|36l — i M2 + ey HIE + 123 o).
Summing up for n =1, ..., k, and using (26)-(29), we have
E@Eh — E@) <c(At* + N'™™)

k
+eAtY (13¢5 — e I + eI, n=1,2,..., M~ 1.
" (33)
For the first step
B < (At + N272m), (34)

Substituting (34)into (33), and using the discrete Gronwall lemma we obtain

(31).

85 Numerical experiment

In this section, we will use numerical examples to verify the accuracy of
N/1-1
theoretical analysis. First we let u} (z) = > 4} exp(—i2wkz/L) in (27) we
k=—N/2
have:
C-N/F-G scheme:

1 n

Kt(ag“ —a?)(1 + (2mk/L)?) + (i2xk/ L + v(2rk/L)?)a) >
1 il 1y ntld

200 — w0 4 0, (BuR — e =0,

fr or {f}x represent the k Fourier coefficients of f.
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5.1 Validity of numerical solution
Define the time convergence order:
|| n,2At 2n,At||
Un Un 1
2n,At __ 4n,At/2
Juy"™" —uy 1

Rate := log, <

Let N =60,L =27, T = 1, and u(z,0) = sin(27z).

It can be clearly seen from Table 5.1 that when At — 0, the error order of
the format in the time direction is close to 2 order, which is consistent with the
proof of the theorem.

Table 5.1 Time Convergence Order.
v\ At At=0.1 At=0.05 At=0.01 A¢=0.005 At=0.001
v=0 2.0007 2.0004 2.0001 2.0000 2.0000
v=1 2.0540 2.0250 2.0047 2.0023 2.0005

5.2 Asymptotic Attenuation of Solution

Taking u(x,t) = (1+e~ ) sin(z) in equation (1). Then f(z,t) = —2¢ ' sin(z)+
(1 + e~ t)%sin(z) cos(z) + (1 + e7t)(vsin(x) + cos(x)), notice that u*(x) =
sin(x), f>°(z) = sin(z) cos(x) + vsin(z) + cos(z). Obviously f, f — f° satis-
fies the hypothesis of A2, A3, so the conclusion of Theorem 2.2 - 2.4 holds.

We take N = 60,L = 47, At = 0.01,up = sin(x),v = 1, as can be seen
from fig. 1, the numerical solution of z(z,t) gradually converges to 0 when ¢
gradually becomes larger.

Fig 1. The numerical solution of z(x,t) when ¢t = 10.
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